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Two types of inequalities, Kochen-Specker inequalities and noncontextuality inequalities, are both
used to demonstrate the incompatibility between the noncontextual hidden variable model and quan-
tum mechanics. It has been thought that noncontextuality inequalities are much more potent than
Kochen-Specker inequalities, since the latter are constrained by the Kochen-Specker rules, which
are regarded as an extra constraint imposed on the noncontextual hidden variable model. How-
ever, we find that a noncontextuality inequality exists in a ray set if and only if a Kochen-Specker
inequality exists in the same ray set. This provides an effect approach both for constructing non-
contextuality inequalities in a Kochen-Specker set and for converting a Kochen-Specker inequality
to a noncontextuality inequality in any ray set.
PACS numbers: 03.65.Ta, 03.65.Ud
The noncontextual hidden variable (NCHV) model [1],
as with the local hidden variable (LHV) model [2], has
attracted a lot of attention. The NCHV model consists
of two basic assumptions: that every observable A has
a definite value v(A) at all times and that v(A) does
not depend on whether A is measured alone or together
with B or C if A is compatible with B and C. The first
assumption is at the core of the hidden variable theory
while the latter is the exhibition of noncontextuality. The
most common observables used in the NCHV model are
rays, Pi, i = 1, 2, · · · . The NCHV model indicates that
v(Pi) can take only 0 or 1.
To examine the inconsistency of the NCHV model
with quantum mechanics, the pioneering works [1, 3–
8] used to impose the constraint of preserving the al-
gebraic structure of compatible observables, i.e., the so-
called product rule v(AB) = v(A)v(B) and sum rule
v(A+B) = v(A) + v(B) for two compatible observables
A and B. For rays, the constraint is equivalent to the
Kochen-Specker (KS) rules: v(Pi)v(Pj) = 0 if Pi and Pj
are orthogonal, and exactly one v(Pi) is 1 out of an or-
thogonal basis set of rays. A ray set S is called a KS
set if all possible value assignments to the ray set violate
the KS rules. By employing the KS rules, Kochen and
Specker [1] illustrated logically that the NCHV model is
inconsistent with quantum mechanics, which is usually
called the KS theorem. Their original argument involved
a KS set of 117 rays in a three-dimensional Hilbert space.
The proof of the KS theorem is simplified step by step
[3–7], with smaller KS sets, e.g., with 31 rays in a three-
dimensional space by Conway and Kochen [5] or with 18
rays in a four-dimensional space by Cabello et al. [7].
To simplify further the logical proof, KS inequalities, as
a reformulation of the KS theorem, were then proposed.
Hereafter, when we use the term KS inequalities, we re-
fer to those inequalities in which the value assignments
are constrained both by the two basic assumptions in the
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NCHV model and by the KS rules [9]. The statistical ap-
proach proposed by Clifton [8] may be regarded as the
embryonic form of a KS inequality. Klyachko et al. [10]
constructed a KS inequality by using a set of only five
rays in a three-dimensional space. More KS inequalities
can be found in recent papers [9, 11–16].
Since KS inequalities are not only based on the as-
sumption of noncontextuality, but are also dependent on
the KS rules, which is an extra assumption imposed on
the NCHV model and difficult to test in experiment, re-
searchers prefer to find inequalities without employing
the KS rules. Such general inequalities, in which the
value assignments are constrained only by the two basic
assumptions in the NCHV model but not by the KS rules,
are called noncontextuality inequalities in order to dif-
ferentiate them from KS inequalities [9]. Klyachko et al.
[10] found one such inequality, the KCBS inequality. Ca-
bello [17] constructed several state-independent noncon-
textuality inequalities, which are violated by all quantum
states. Soon afterwards, Badzia¸g et al. [18] put forward
a general approach to construct a state-independent non-
contextuality inequality from a KS set, which shows that
any KS set can always lead to a noncontextuality inequal-
ity. Yu and Oh [14] found a 13-ray state-independent
noncontextuality inequality in a non-KS set. Some of
these theoretical results have been demonstrated in ex-
periments [19–29].
As discussed above, both KS inequalities and noncon-
textuality inequalities have been used to demonstrate the
incompatibility between the NCHV model and quantum
mechanics. It has been usually thought that noncontex-
tuality inequalities are much more potent than KS in-
equalities, since the KS rules are regarded as an extra
constraint imposed on the NCHV model. However, it is
much easier to construct a KS inequality than a noncon-
textuality inequality in a ray set, since a great number
of the value assignments to the set can be removed by
the KS rules. Interestingly, we notice that in some cases
such as those in Refs. [9, 10, 14], both a KS inequality
and a noncontextuality inequality exist in the same ray
set. The result in Ref. [18] also implies that noncontex-
2tuality inequalities and KS inequalities coexist in a KS
set. This started us wondering whether a noncontextual-
ity inequality always coexists with a KS inequality in any
ray set, not only in some particular ray sets, and whether
the former can be derived by the aid of the latter if the
coexistence is true. In this Rapid Communication, we
address these issues. We will prove the following theo-
rem.
Theorem: A noncontextuality inequality exists in a
ray set if and only if a Kochen-Specker inequality exists
in the same ray set.
The theorem uncovers an essential relationship be-
tween KS inequalities and noncontextuality inequalities.
It clarifies that a noncontextuality inequality always co-
exists with a KS inequality in any ray set. The proof
of theorem provides an effective approach both for con-
structing a noncontextuality inequality in a KS set and
for converting a KS inequality to a noncontextuality in-
equality in any ray set.
We now prove the theorem. To this end, we will first
show that a noncontextuality inequality can be derived
from a given KS inequality.
Consider an n-dimensional quantum system. Let S be
a µ-ray set of the system, S = {P1, P2, · · · , Pµ}. Pi have
definite values 0 or 1 in the NCHV model, while they
should be viewed as rank-1 projective operators Pˆi in
quantum mechanics. Suppose that a KS inequality has
been given as
〈F 〉ks ≤ f, (1)
where F ≡ F (P1, P2, · · · , Pµ) is a function of the observ-
ables P1, P2, · · · , Pµ, 〈F 〉ks represents the average value
of the function in the NCHV model, and f is a con-
stant number. Hereafter, the subscript ks in 〈· · · 〉ks
means that 〈· · · 〉ks is calculated under the constraint of
the KS rules, i.e., the value assignments to the ray set
{P1, P2, . . . , Pµ} obey the KS rules.
With the above knowledge, we may now start to derive
a noncontextuality inequality from inequality (1).
First, we introduce a new function, F˜ =
F˜ (P1, P2, · · · , Pµ). The ray set S can be illustrated by
a graph G. Each vertex of G corresponds to a ray of
S, and two vertices are linked by an edge if and only
if the corresponding rays are orthogonal. Besides, we
use Sα, α = 1, 2, . . . , L, to denote the αth subset of the
rays that can form an n-dimensional orthogonal basis,
Sα =
{
Pkα
1
, Pkα
2
, . . . , Pkαn
}
, where kα1 < k
α
2 < · · · < k
α
n .
L is the total number of such subsets found in S, and it is
zero if S does not contain any n-dimensional orthogonal
basis. The new function F˜ is defined as
F˜ = λF−
µ∑
i>j=1,
PˆiPˆj=0
PiPj+
L∑
α=1


n∑
i=1
Pkα
i
− 2
n∑
i>j=1
Pkα
i
Pkα
j

 ,
(2)
where λ is a positive parameter to be determined. The
first term in F˜ is the function F defined in Eq. (1), the
second term corresponds to the pairs of rays that are
orthogonal, and the third term corresponds to the sets of
rays that form an n-dimensional orthogonal basis.
Second, we calculate the average value of F˜ under the
NCHV model, with
〈F˜ 〉 =λ〈F 〉 −
µ∑
i>j=1,
PˆiPˆj=0
〈PiPj〉
+
L∑
α=1


n∑
i=1
〈Pkα
i
〉 − 2
n∑
i>j=1
〈Pkα
i
Pkα
j
〉

 . (3)
Clearly, 〈F˜ 〉 depends on the values of Pi and PiPj . We
first consider the case where the value assignments to the
ray set obey the KS rules. Under the KS rules, PiPj = 0
if Pi and Pj are orthogonal, and exactly one Pi = 1 out
of an orthogonal basis. We immediately have
F˜ |ks = λF |ks + L, (4)
where F˜ |ks (F |ks) is the value of function F˜ (F ). The
subscript ks means that F˜ |ks (F |ks) is obtained when
the assignments of values 0, 1 to the ray set obey the KS
rules. Noting that Eq. (1) implies F |ks ≤ f , we further
have
F˜ |ks ≤ λf + L. (5)
We now consider the case where the value assignments
to the ray set violate the KS rules. The value of the
expression (
∑n
i=1 Pkαi − 2
∑n
i>j=1 Pkαi Pk
α
j
), denoted by
(· · · )α, is only dependent on the number of 1’s (or 0’s)
assigned to the rays in the subset Sα but independent of
particular value assignments due to the symmetry in the
expression. Thus (· · · )α = x(2− x), if the number of 1’s
in the value assignments is x. It shows that (· · · )α ≤ 0
if x 6= 1. Therefore, if the KS rules are violated, at least
one PiPj = 1 or one (· · · )α ≤ 0. We then have
F˜ |exks ≤ λF |exks + L− 1, (6)
where the subscript exks means that the values are ob-
tained in the case where the value assignments to the ray
set S violate the KS rules. Let f ′ = max{F |exks}. We
further have
F˜ |exks ≤ λf
′ + L− 1. (7)
Inequality (5) is valid for the value assignments obeying
the KS rules, and inequality (7) is valid for the value
assignments violating the KS rules. By combining Eqs.
(5) and (7), we finally obtain the inequality
F˜ ≤ max {λf + L, λf ′ + L− 1} . (8)
Equation (8) is always valid for all possible value assign-
ments to the ray set, irrespective of whether the KS rules
are obeyed or violated. Hence, we get an inequality with-
out assuming the KS rules,
〈F˜ 〉 ≤ max {λf + L, λf ′ + L− 1} . (9)
3Third, we discuss the quantum violation of the inequal-
ity. In quantum mechanics, each observable Pi corre-
sponds to an operator Pˆi = |ϕi〉〈ϕi|. 〈PiPj〉 = 0 if Pi
and Pj are orthogonal, and
∑n
i=1〈Pi〉 = 〈
∑n
i=1 Pi〉 = 1 if
{Pi, i = 1, 2, · · · , n} form an orthogonal basis. In quan-
tum mechanics, the average value of F˜ , expressed as Eq.
(3), reads
〈F˜ 〉ψ = λ〈F 〉ψ + L, (10)
where the subscript ψ indicates that the averages 〈F˜ 〉ψ
and 〈F 〉ψ are calculated by using the theory of quantum
mechanics for state |ψ〉. By comparing Eqs. (9) and (10),
quantum violation occurs if
λ〈F 〉ψ + L > max {λf + L, λf
′ + L− 1} . (11)
The validity of Eq. (11) relies on the parameters f , f ′,
and λ. If both f ≥ f ′ and λ > 0 or if both f < f ′ and
0 < λ ≤ 1
f ′−f
, Eq. (11) can be guaranteed by
〈F 〉ψ > f, (12)
which is just the quantum violation of Eq. (1). There-
fore, there always exists λ such that the quantum vi-
olation of Eq. (1) can always guarantee the quantum
violation of Eq. (9).
So far, we have proved that a KS inequality can always
lead to a noncontextuality inequality, and the latter is
violated in quantum mechanics if the former is violated.
Note that the value assignments of variables in a KS in-
equality are constrained by both the assumption of non-
contextuality and the KS rules while the assignments in
a noncontextuality inequality are constrained only by the
assumption of noncontextuality. The value assignments
satisfying both the assumption of noncontextuality and
the KS rules are a subset of the value assignments sat-
isfying only the assumption of noncontextuality. If an
inequality is valid for all the value assignments satisfy-
ing the assumption of noncontextuality, it must be valid
for the subset of the value assignments, too. Therefore,
a noncontextuality inequality itself can be regarded as a
KS inequality. This completes the proof of the theorem
that a noncontextuality inequality exists if and only if a
KS inequality exists in a ray set.
It is interesting to see that the above proof has ac-
tually provided an effective approach for constructing
a noncontextuality inequality with the aid of a KS in-
equality in any ray set. It is generally easier to con-
struct a KS inequality than a noncontextuality inequal-
ity in a ray set. Once a KS inequality is constructed,
the theorem can convert it to a noncontextuality in-
equality. By following the proof, all the well-known
KS inequalities proposed in the literature can be con-
verted to noncontextuality inequalities. For example,
we consider the first inequality proposed by Yu and
Oh [14], with a 13-ray set in a three-dimensional quan-
tum system. The state-independent KS inequality [see
Eq. (2) in Ref. [14]] reads 〈F 〉ks ≤ 1, with F =∑4
i=1 Pi, where we have rewritten the expressions using
our notations. Here, P1, P2, . . . , P13 are corresponding
to h0, h2, h2, h3, z2, y
+
2 , y
−
2 , z3, y
+
3 , y
−
3 , z1, y
+
1 , y
−
1 in Ref.
[14], respectively. Starting from it, we can immediately
obtain a state-independent noncontextuality inequality
by following the process in the proof of the theorem. In-
deed, by comparing it with Eq. (1), we have f = 1,
and by using the definition f ′ = max{F |exks}, we have
f ′ = 4, which indicate that 0 < λ ≤ 1
f ′−f
= 1
3
. The state-
independent noncontextuality inequality is given by Eq.
(9) as 〈F˜ 〉 ≤ 4 + λ, where F˜ is defined as Eq. (2) with
n = 3, µ = 13, L = 4 [30], 0 < λ ≤ 1
3
, and F =
∑4
i=1 Pi.
As shown in the above example, one may easily con-
vert a KS inequality to a noncontextuality inequality, ex-
pressed as Eq. (9), by calculating f ′ and λ. However,
the bound in expression (9) may not be tight, since it
has been relaxed for the generality during the proof of
the theorem. In a specific application, the tight bound,
max{F˜ks, F˜exks}, can be obtained by detailedly calcu-
lating F˜ks and F˜exks, and a tight inequality is given as
〈F˜ 〉 ≤ max{F˜ks, F˜exks}, instead of Eq. (9). We would
like to illustrate this point by considering the KS in-
equality proposed by Klyachko et al. in Ref. [10], with
a five-ray set in a three-dimensional quantum system.
The state-dependent KS inequality [see Eq. (7) in Ref.
[10]] reads 〈F 〉ks ≤ 2, with F =
∑5
i=1 Pi. Since the
last term in Eq. (2) vanishes due to L = 0 for this in-
stance, Eq. (2) is reduced to F˜ = λF −
∑5
i=1 PiPi+1
, where the subscript i is modulo 5. In this case, we
have f = 2 , f ′ = max{F |exks} = 5, and 0 < λ ≤
1
f ′−f
= 1
3
. Substituting them into Eq. (9), we obtain
〈F˜ 〉 ≤ max{2λ, 5λ − 1} with 0 < λ ≤ 1
3
, which is a
state-dependent noncontextuality inequality but not a
tight one. To find the tight bound, we calculate F˜ks
and F˜exks detailedly, and have F˜ |ks = 0, λ, 2λ, F˜ |exks =
2λ − 1, 3λ − 1, 3λ − 2, 4λ − 3, 5λ − 5, and max{F˜} =
max{F˜ |ks, F˜ |exks} = max{2λ, 3λ − 1, 4λ − 3, 5λ − 5}.
We then obtain the tight noncontextuality inequality,
〈F˜ 〉 ≤ max{2λ, 3λ − 1, 4λ − 3, 5λ − 5} with 0 < λ ≤ 1,
where 0 < λ ≤ 1 is determined by requiring the quan-
tum violation of the inequality. For λ = 1, the inequality
reads
∑5
i=1〈Pi〉 −
∑5
i=1〈PiPi+1〉 ≤ 2, which is exactly
the KCBS inequality given in Ref. [10] if Pi is replaced
by Ai with Pi =
1
2
(1 −Ai).
It should be noted that the above discussion is con-
cerned essentially with a general non-KS set. If the ray
set under consideration is a KS set, then the process of
obtaining a noncontextuality inequality becomes much
simpler. By definition, for a KS set, all possible value
assignments to the set violate the KS rules. In this case,
all value assignments obeying the KS rules certainly sat-
isfy any given inequalities logically, because there are no
value assignments obeying the KS rules at all, and there-
fore Eq. (1) can be any form of inequality with a quantum
violation. This implies that a state-independent noncon-
textuality inequality always exists for a KS set. However,
it also implies that Eq. (1) is useless to a KS set due to
4theorem provides a simple approach to obtain a state-
independent noncontextuality inequality from a KS set.
In fact, for a KS set, F˜ can be directly defined as
F˜ = −
µ∑
i>j=1,
PˆiPˆj=0
PiPj +
L∑
α=1


n∑
i=1
Pkα
i
− 2
n∑
i>j=1
Pkα
i
Pkα
j

 ,
(13)
and there is
F˜ |exks ≤ L− 1. (14)
Noting that expression (5) does not need to be considered
since all the value assignments to a KS set violate the KS
rules, we then have
〈F˜ 〉 ≤ L− 1. (15)
Equation (15) is a state-independent noncontextuality in-
equality, since 〈F˜ 〉ψ = L (> L − 1) for any quantum
state |ψ〉. Comparing with the previous method for con-
structing a noncontextuality inequality from a KS set,
proposed by Badzia¸g et al. [18], our approach is much
simpler. In the previous method, one needs to enlarge
the given KS set to construct a state-independent non-
contextuality inequality in general and correlations of n
compatible observables are involved, while only correla-
tions of two compatible observables are involved in the
present approach.
In passing, we point out that Pi can be replaced by
Ai = 1 − 2Pi in the proof of the theorem, and all
of the above discussions work for Ai although we have
used Pi, instead of Ai, in this Rapid Communication
for simplicity. By substituting Pi =
1
2
(1 − Ai) and
PiPj =
1
4
(1 − Ai − Aj + AiAj), F˜ in Eqs. (2) and (13)
can be written as a function of Ai, and the same proce-
dure can be followed. However, the expressions as well
as the calculations are much simpler by using Pi than
Ai. Besides, although our theoretical approach can help
to determine the existence of a KS inequality in a ray
set, the inequality obtained may not be optimal. The
numerical approach proposed in Ref. [31] may be used
to optimize it if needed.
In conclusion, we have established a theorem that a
noncontextuality inequality exists if and only if a KS in-
equality exists in a ray set. The theorem not only solves
the coexistence of the two types of inequalities in any ray
set, but also provides an effective approach both for con-
structing noncontextuality inequalities in a KS set and
for converting a KS inequality to a noncontextuality in-
equality in any ray set. A noncontextuality inequality is
immediately obtained when the approach is applied to a
KS set, and all the known KS inequalities can be con-
verted to noncontextuality inequalities when it is applied
to any ray set.
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